The calculation of Bethe logarithm for the ground state of the lithium atom is presented. The Bethe logarithm is the main QED effect coming from the electron self-interaction, which has not been obtained yet. Both results for the infinite nuclear mass, ln k 0 ϭ5.178 17(3), and the mass polarization correction, ⌬ln k 0 ϭ0.114(3), significantly improve the hitherto theoretical values for the lithium ground-state energy. They allow from one side to test the theory against precise measurements of transition frequencies and from the other side, to improve the accuracy of determination of the difference in the square of nuclear charge radii from the isotope-shift measurements. The applied calculational method is based on the well adapted explicitly correlated Gaussian basis set and can be extended to other few-electron atoms and molecules.
I. INTRODUCTION
The calculation of the influence of the electron selfenergy on energy levels in few-electron atoms is a nontrivial task. Several approaches have been developed, depending on the charge of the nucleus and the number of electrons. For alkali metals QED effects are calculated within the approximation which relies on some effective potential to account for screening of the electron-nucleus interactions. This approach is pursued by Sapirstein and co-workers in Ref. ͓1͔ and several promising results have been obtained for radiative energy shift and hyperfine splitting. The limitation of this method is the lack of incorporation of electron correlations. In few-electron heavy ions, QED effects are studied systematically in powers of the fine structure constant, where the electron-electron interaction is treated perturbatively as the electron self-energy ͓2͔. For atoms with more complicated electronic structure, the QED effects are obtained in an approximate way by scaling the hydrogenic result ͓3͔. However, for light atoms with only a few electrons, the calculation of the electron self-energy is possible within the socalled Z␣ expansion. In the simplest case of the hydrogen atom, calculations of the QED effects, as initiated by Bethe in Ref. ͓4͔ , have reached at present the accuracy of 10 Ϫ7 ͓5͔, where uncertainties from the nuclear structure become dominant. The leading QED effects in helium have been derived by Araki ͓6͔ and Sucher ͓7͔. Since their original derivation based on the Bethe-Salpeter equation has been quite complicated, a simplified derivation has been presented in Ref.
͓8͔.
Apart from the effects which are similar to that in hydrogen, for example, the electron self-energy, there is an electronelectron interaction beyond the Coulomb one, which contributes to the energy shift. Although the derivation requires a relativistic formalism, the final formula makes use of some nonrelativistic but singular operators acting on the nonrelativistic Schrödinger wave function. The result can be easily extended to any light atom and takes the form
͑1͒
Here, Z is the atomic number, ␣ is the fine-structure constant, m is the mass of the electron, i denotes Pauli matrices corresponding to the ith electron, and ␦ represents the Dirac delta function. The distribution P is defined as the limit
͑2͒
with ⌰ and ␥ being the step function and the Euler constant, respectively. The n-electron Bethe logarithm ln k 0 is defined
͑4͒
Equation ͑1͒ gives an exact correction to the energy for the S states of the order of m ␣ 5 and thus accounts for electron correlations as long as the wave function does. It means that if one is able to represent accurately the nonrelativistic wave *Electronic address: krp@fuw.edu.pl † Electronic address: komasa@man.poznan.pl function, as it is possible for few electron atoms and molecules ͓9͔, then the QED effects could be precisely calculated. There are additional terms for the P states which come from the anomalous magnetic moment of the electron ͓10͔, they are not presented here, since we concentrate on the S states only. The most interesting is the Bethe logarithm, ln k 0 , since all other terms in Eq. ͑1͒ have already been very precisely calculated in Ref. ͓11͔ . The Bethe logarithm involves the infinite sum over excited states which happens to converge very slowly. Schwartz in Ref. ͓12͔ has introduced a very effective approach to calculate the Bethe logarithm through the integral representation. Since we followed his approach, we will describe it in details in the following section. The recent progress in the evaluation of the QED effects in helium is due to the use of a well adapted explicitly correlated exponential ͓13͔ or Gaussian basis sets ͓14͔. In a different approach Drake and Goldman using the multiple scale Hylleraas basis set obtained a very precise Bethe logarithm value directly through the diagonalization of the large Hamiltonian matrix ͓15͔. While this approach is very suited for helium, the use of the Hylleraas basis set for larger atoms drastically increases the level of the complexity. Our aim is to show that with the well optimized Gaussian basis set one is able to accurately calculate the QED effects in light, fewelectron atoms. We demonstrate this approach on two examples of the helium and lithium atoms. Hereafter we shall use the reduced atomic units.
II. METHOD OF COMPUTATION

A. Schwartz's method
The Bethe logarithm as defined in Eq. ͑3͒, using the identity
͑5͒
can be represented as follows:
where for the ground state ⌿ the notation ͗␦͘ ϭ͗⌿͉͚ i ␦(r i )͉⌿͘ and ٌ͗ 2 ͘ϭ͗⌿͉(͚ i " i )
2 ͉⌿͘ was used, and where the two one-dimensional functions appearing in the integrands are defined as
W͑k ͒ϭk 2 J͑k ͒ϩkٌ͗ 2 ͘ϩ2Z͗␦͘.
͑8͒
The summation in Eq. ͑7͒ runs over the whole spectrum of the Hamiltonian H, with eigenstates ⌿ i of energy E i . The advantage of the representation in Eqs. ͑6͒-͑8͒ is the fact that the resulting matrix elements can be calculated very accurately and the large-k asymptotic form is known:
The calculation of the J function does not require the knowledge of the full spectrum. Instead one constructs the perturbed wave function ⌿ , defined as
which fulfills the differential equation
The unknown function can be obtained by a minimization of the corresponding Hylleraas functional ͓16,17͔
with the energy E and the Hamiltonian
where M and are the nuclear and the reduced mass, respectively. Having ⌿ , the J function is obtained from
J͑k ͒ϭ͗⌿͉"͉⌿ ͘.
͑14͒
B. The wave functions
In this work we employ the method of exponentially correlated Gaussian ͑ECG͒ wave functions ͓9,18 -20͔. Both the unperturbed ⌿ and the first-order correction ⌿ wave functions are expressed in the form of K-term linear combinations of the multielectron basis functions, l (r),
The operator Â ensures the antisymmetry of the total wave function with respect to the exchange of the electrons. ⌶ n,S,M S () is an n-electron spin eigenfunction with the quantum numbers S and M S , and and r are the n-electron vectors in spin and coordinate spaces. The spatial basis functions l (r) are the n-electron atomic Singer functions ͓21͔ of the S and P symmetry, respectively:
with y m l being the Cartesian component of the coordinate of the electron labeled m l . The linear, c l , and the nonlinear, A l,i j , parameters of the unperturbed wave function are determined variationally in an extensive energy minimization process. In the case of the first-order function, the parameters are optimized variationally using the functional given in Eq. ͑12͒.
C. Integration over k
The integration domain in Eq. ͑6͒ was split into parts by two arbitrarily selected points 1 and 2 , and the contributions to ln k 0 were treated differently in the low (0рk р 1 ), middle ( 1 рkр 2 ), and high (kϾ 2 ) range of k. The low range part of the Bethe logarithm was computed from the expression
The contribution from the middle range of k was
͑19͒
and both integrals were evaluated numerically with the endpoint corrections according to the Euler-Maclaurin formula. In the high range, an asymptotic form of the integrand in Eq. ͑19͒ was used ͓12͔ kJ͑k ͒ϩٌ͗
The integral arising from the first two terms
was evaluated analytically. The coefficients a m appearing under the sum sign in the last term were obtained by fitting the sum ͑with Mϭ5) to the points of the following expression
2 ͗␦͑͘ ͱ2kϪZ ln k ͒.
͑22͒
The contribution from this part was then simply
III. RESULTS AND DISCUSSION
In both cases, for the finite and the infinite nuclear mass, the wave functions of the ground state lithium atom have been expanded in a 2000-term ECG basis set. The energy E, and the expectation values ͗␦͘ and ٌ͗ 2 ͘, computed with these wave functions are listed in Table I . It is known that, in the Gaussian type basis, the expectation value of the Dirac delta computed directly converges to the exact value very slowly. For that reason, the Drachman procedure ͓22͔, employing global rather than local operators, has been used after a modification taking into account the mass polarization term. This approach enables obtaining ͗␦͘ with a satisfactory relative accuracy of 3 parts per 10 7 in comparison with the recent Yan and Drake results ͓23͔.
The basis for the final ⌿ function has been obtained by merging four bases optimized independently at different values of kϭ0, 50, 1000, and 10 000. The first two optimizations have been performed with 800-term bases, the two latter-with 1600 terms, so that the final first-order function is expanded in a 4800-term basis set. Such a method of the construction of the first-order correction function, described in more detail in Ref. ͓18͔, ensures that the high accuracy of J(k) is preserved for a wide range of k.
In the low range, J(k) was computed with the interval 0.1 and with this interval the numerical integration has been performed. The middle-range values of J(k), of the integrand in Eq. ͑19͒, and of the expression ͑22͒ were sampled with step 1 likewise the integration step in Eq. ͑19͒. The parameters of the asymptotic formula ͑20͒ have been determined from the fit to the middle-range points computed this way. Sample values of J(k) function are given in Table II . The error introduced by the numerical integration is negligible and the main sources of the uncertainty in ln k 0 are the accuracy of J(k) function, the errors in ͗␦͘ and ٌ͗ 2 ͘ parameters, and the fitting procedure. The absolute accuracy of J(k) for ϱ Li can be assessed at kϭ0 at which it is known a priori to be equal 9/2. Our procedure yields J(0) with an error of 6ϫ10 Ϫ6 . For growing k the convergence improves and the error diminishes. The final values of the Bethe logarithm for the lithium atom are presented in Table III 
To test the procedure described above we have performed simplified computations for the ground state of the helium atom, for which the Bethe logarithm and the recoil correction to it are known ͓15͔. In the computations a 600-term unperturbed ͓26͔ and a 2640-term perturbed ECG wave functions were employed. The values computed using the ECG method are collected in Table IV where they are confronted with the reference results. This comparison shows that our approach enables recovery of at least six significant digits for ln k 0 .
IV. SUMMARY
The purpose of this work was the development of a numerical method for calculation of the QED effects in light atoms. We presented the Bethe logarithm for He which, for the first time, has been obtained using the Gaussian type wave functions and a new result for the Li atom. We show that with the well optimized Gaussian basis set, one can obtain high accuracy results for Bethe logarithms, as well as for other QED effects. The results allow for improved theoretical predictions for the ground state energy and the isotope shifts between 6 Li and 7 Li. However, to compare them with the available measurements we need similarly accurate results for P or other excited states of the Li atom, which have not been obtained yet. At present, the tests of QED on the lithium atom are much less accurate compared to hydrogen or helium. The reason for this is the lack of the complete result for the m ␣ 6 relativistic and QED corrections. Although they can be derived in a closed form, as for helium ͓27͔, the calculation of matrix elements is quite difficult from the numerical point of view.
Note added in proof. Similar results for the Bethe logarithm of the 2 2 S and 3 2 S states of lithium have recently been reported by Yan and Drake ͓28͔. 
